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H

"

Hamilton.am
"

.

How to get H ?

- Tate Hamilton an function HEP from classical mechanics :

HEIß = Int VE) total
energy

and replaa p and x with operators an LYIR " ) :

p - > - its
,

× → Ist > x. f)
"

Quantisatian
"

→ Schrödinger eg :

2

it 8¥ = - im .by + Vy ED

Relativistische

Problem with HD : 2nd oteivahre in space, 1st ohiratire in time

→ not Lorentz invariant
.

Solution : Start with retatiristic Kinetic Energy :

-

c = speed of lightHulk

.pt/Ep4md.QuanhsatianmsikGfn=f-EEs+m

4
4*3

Two option : 1) Square EH ) : - Egil fit # nicht
"

Klein - Gordon eq .

"

2) Complete square root of - EED + nie !



Dirac did 2 :

Ansatz : H - c 4. pitßmc ? Then

H ! ( cx.ptpmikca.pt ßmc )

= ik.pt a. pßmüxßmöaiptßmc "

= EE
,

aipiajpj-EK.pt/bai)pmitpmc4=tzEEKi4tg.ai)P
:P; ⇐ ßtßaipmötßmck

→ Conditions : 4- Ata ;D ,
= 2dg.

4. ßtßa ,
= 0 from HI - Etienne !

ß
'

= 1
.

⇒ di , ß have to be matrices
.

Possible done :

r
.

- ( ! ! ) . (! ) , a. =L ! ! ) and

- % : % :) . :-( °

: :)
Then H : = - ikc X. Trtßmc

'
is tradierter and

it 9¥ = - itca . ßmö , 44×3 = e- Cl
"

tradieren



Rigorowsokfinitianaftheope.at/-lilbertspace
: It - LKR )

"

, 4=4
. .

. . . ) ,
he

, =/ 4T ! dx
.

Domain : DLH) = HYIRD
"

,

Hey : = - i X. 74 tßmy , 4 EDLH ) ( k = E- 1 from now a )

sdfadjomtuessr.tw
? Fourier Eransform ! F :L ! → Ep

<

3
,

FHF
- '

= (
" " " EFFI = : Kp)
P : .

⇐
Eigenralues of matrix : Ntv ?

X. Cp) = tzlp) = - kdp) =
- t

,
= HÄLT

"

= : Xp )

|
es

Diagonalisieren : nlp ) : = an, t
"

+ a. CPIß # ¥:P:X ; unitary ,
where

adp ) :-. # HIT
.

= ¥ http://t/I-pEIF
Then → ¥ as pl > o

hp ) hlp) UCPT
'

= Hp ) ß .

Huch
,

KF ) HLUFT
'

= KPIß in [ (IRI )
"

i
alfadjänt an { FELYIRD " I ( HIPP )

:
f ELYIR

" ) " }

⇒ H selfadj.int an HYIR " ) and olt - D= to
,

- m3 ulm
,
a)



Pnadfafselfadjömtnessofhßt
symmetrie ⇒ DCßDCDKß ) → Only and to show that D CDIß { stellt @ Eli } .

$ EDITED ⇐ { typ ) continuous in 4 .
Assam to EIL '

for coutradiction

Cansider 44 : { Hey,

d) = ( he
, XROI)

= (4,1%01) ,
KR = XB

JUREK : NUR # 1
, 4. Hiltrud ,

( by Hahn - Banach them )

Since to ¢ L '

: Htt .PK .
- > • CR - > e)

→ sequence (4) with (4,1%0) → 0

⇒ ( IKRK ) , → a
,

bat IX. 4*1<1 .

⇒ ( tv ,
not continuous in 4 4 0

Spectralsubspacesoftl.De.net
W :-. UF the diaganalisatian :

(WHWDCP) = Hp) ß in LYIRDOT !

Desire Project aus

TI : = W
- ' Elttß ) W

and subsp aus

It
±

: = Ran !

Note that

Ran # a. + = { (
"

¥) }
,

Ran EH - D= Il :B
.

Henk
,

EHRT "
= He

,
⑦ H

.

and Hl
#

+

positive
, HI

, negative
.

h feat
.

H = HIHI
,

www.IH/=/-/s-uiT (positive ) and U = 1- ⑦ ft ) w.r.t.tt
, H

.

"

Polar decamposition
"

.



Potentials
-

Die operator for particle in external fühd :

H : = - i X. Ft ßm + V
,

a- ( and . )
÷

✓ = muttiplication operator by 4×4 matrix
.

Typesafpotmtials.IS
: VH) = ß ! E) ,

& : IR → IR
.

the : Vector potential : A - Idee
,
Ä )

✓ E) = deckt 1
"

- X. ÄE)

.
. .

and many
others

. . .

self-adjointuthm.v.IR
→ E

"
hvmitian such that for all ük = 1 . . .

_ ,
4

NIKKI E ¥ ,

t b tx ER
>

LEO}
,

with b > 0
,

a < 1
.
Then H = How is essential selfadjäül an GURTEN

"

and selfadjoint an HURD!

"

boundedness ⇒ alfadjointness
"

Proof Assumption implg that V is rd
.

bald
.

wert
.

Ho with relative bound < 1
.

a



Thin

V hermitian and for all i. k = 1
. . . .

.
4 one has VECTLRD

.

Then tt-H.tv is essentiell alt adjoint on Gypsy
"

" smoothness ⇒ selfadjointuess
"

B
Proof Basic criterion plus elliptic regulaity .

Compaet↳toSchödinge

Essentialspectruoe.CH
) : = { t Erft ) ) t auumulatian point of HH ) or dimlkerlt - HD = a }

We have sun last time :

ECHO) = C- am ] Ulm ,
o )

Quests : How aloes re charge if we add potential ?

Abstract criterion :

Then het A
, B alfadjömt and

(A -
ZÜ - ( B - zj

'

compact for some z E NR
.

Then steht) = OECD)
.

This can be used to prore

Then het H - Ho + V be selfadjoint and V be Ho - bamded with

ftp.HVLHo-zTX , >
Rtl = 0

.

4)

Then [ ( H ) = to ,
m ) u ( m ,

o )
.



Reina

G) is ünptied by Vk) - > 0 as H - > so
,
but allows more general V .

Poteutialstendingtoinfinitythm.int

V - old 1.
µ

and assume that

( i ) d) = vll xD

Iii ) Nr ) → a if r - > •

K¥4 - > 0 as r → e
.

Then • (Hot D= fan )
.

CanparetoSchrodinger@ThmiIfV-fb.os

.

and

( i) µ → o as KI → •

Iii ) Ols
.
.TO/screl.bdd.w.r.t.-Dt0sc

Then • ( Hotv ) is pwely discrete
.

Proof

Supersymmetrie methods ⇒ • (D) determiniert by of D)
[
Schrödinger D

Reina

• No expliät Knowledge about DLH.tv )

• No compact resolut
• H not sectoial ⇒ no bilinear form alefiniug H

.


